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Abstract

Consider a Bayesian inverse problem where we want to approximate the posterior

distribution of the unknown x given some data y; often this posterior is conditioned

on a hyper-parameter θ ∈ Θ ⊆ R the full posterior is

p(x, θ | y) = p(x | θ, y)p(θ | y)

We show that a properly designed SMC samplers can approximate the full poste-

rior p(x, θ | y) for a negligible additional cost with respect to the SMC sampler

that approximates the conditional posterior p(x | θ, y).

Proposed Method

• Build up an SMC sampler targeting p(x | θ∗, y) for some θ∗ ∈ Θ

• Devise a sequence of intermediate distributions where each one is a posterior

distribution conditioned on a different value for θ

pt(x | θ∗, y) = p(x | θt, y) =
p(y | θt, x)p(x)

p(y | θt)

Hyper-Parameter Selection

p(θ | y) ∝ p(y | θ)p(θ)

• p(y | θ): estimated in the points {θt}
T
t=1 as normalizing constant of pt(x | θ∗, y)

• p(θ): given hyper-prior for θ

Hyper-Parameter Averaging

p(x | y) =

∫
p(x, θ | y)dθ =

∫
p(x | θ, y)p(θ | y)dθ

• p(x | θ, y): approximated by the SMC samplers in the set of points {θt}
T
t=1

• p(θ | y): obtained as above in the set of points {θt}
T
t=1

The values of θ are not randomly sampled ⇒ the integral cannot be computed

with Monte Carlo methods ⇒ we can use standard numerical quadrature

Advantages

• Make all intermediate iterations instrumental to the final estimate

• Hyper-Parameter averaging particle recycling

• SMC samplers does not include p(θ) cheap prior sensitivity analysis

• Hyper-parameter estimation at negligible cost

Application to Magneto/Electro-EnchephaloGraphy

(M/E-EG) inverse problem

M/E-EG inverse problem: reconstruction of the brain activity given measures of

the magnetic/electric field on the scalp.

Mathematical Formulation

• number of sources: n

• position of the sources in a predefined grid: r = (r1, · · · , rn)

• intensity of the sources: q = (q1, · · · , qn)

y = G(r)q + ε

ε ∼ N (0, θ)

Current state-of-the-art Bayesian model is implemented in SESAME [1, 2], an

SMC sampler targeting the posterior distribution for a selected value of the hyper-

parameter θ

Proposed Approach vs Natural Alternative

We compare the proposed approach with the natural alternative, i.e. where the

model in SESAME is augmented with the hyper-parameter, which is sampled

with an SMC sampler like the other parameters

Synthetic Data

• 50 EEG auditory data with two sources (one in each hemisphere)

• noise standard deviation: θ ∼ U [2.5 · 10−11, 5 · 10−11] (to have a reasonable SNR)

Results

Hyper-Parameter estimation

• two estimators for θ: maximum a posteriori and the posterior mean

• error: euclidean distance between the true value and the estimated one

Source Localization

• estimator for source location r: n̂ local peaks of p(r | n̂, y)

• error: distance between the estimated source configuration and the true con-

figuration (that may differ in number!)

References

[1] Sara Sommariva and Alberto Sorrentino. Sequential monte carlo samplers for semi-linear inverse problems and application to magnetoencephalography. Inverse Problems, 30

(11):114020, 2014. doi: 10.1088/0266-5611/30/11/114020.

[2] Alessandro Viani, Gianvittorio Luria, Harald Bornfleth, and Alberto Sorrentino. Where bayes tweaks gauss: Conditionally gaussian priors for stable multi-dipole estimation.

Inverse Problems and Imaging, 15(5):1099–1119, oct 2021. doi: 10.3934/ipi.2021030.


