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Introduction

Change-point detection is the problem of detecting changes in the

distribution of an observed or latent signal.

Used for various tasks, e.g. signal segmentation (offline), process

monitoring (online).

Ubiquitous in science and engineering, with applications in biological

science, climate science, speech processing, and finance, to name a

few.

Background

Linear-Gaussian State Space Models

A LG-SSM is defined by the equations:

xt = Atxt−1 + qt, (1)

yt = Htxt + rt, (2)

where At ∈ Rdx×dx, Ht ∈ Rdy×dx, Qt ∈ Rdx×dx, Rt ∈ Rdy×dy and qt ∼
N (0, Qt), rt ∼ N (0, Rt)

Parameter θt = {At, Ht, Qt, Rt}.
Marginal likelihood computed recursively by the Kalman filter.

Change detection

Null hypothesis:

H0 : θt = θ0, t = 1, . . . , T (3)

Alternative hypotheses:

Hk(θ0, θ1) :

θt = θ0, t = 1, . . . , k − 1
θt = θ1, t = k, . . . , T

(4)

Parameters θ0, θ1 known.

Change location k unknown.

Notation: H1 is the case θt = θ1, t = 1, . . . , T

Likelihood Ratio

The log-likelihood ratio between Hk and H0 is,

λk,T = log p(k)(y1:T )
p0(y1:T )

=
T∑

t=k

log p(k)(yt|y1:t−1)
p0(yt|y1:t−1)

, (5)

The factors p(k)(yt|y1:t−1) are given by a Kalman filter matched to θ0 for

t < k and to θ1 for t ≥ k.

Motivation

To decide between H0 and the composite hypothesis ∪kHk, one has

to evaluate the log-likelihood ratio λk,T for each value of k, typically

k = 1, . . . , T − 1.
This involves running a Kalman filter for each candidate

change-point location k, resulting in an algorithm that takes O(T 2)
Kalman steps.

In online change-point detection, this has been addressed by

limiting the candidate change point in a sliding window of M

observations, resulting in a O(MT ) algorithm.

We propose an approximation of the log-likelihood ratio which is

computed in O(T ) Kalman steps.

The validity of the proposed approach relies on the stability of the

Kalman filter.

Approximate Likelihood Ratio

The following approximation of the LR is the basis of the proposed

procedure:

λ̃k,T =
T∑

t=k

log p1(yt|y1:t−1)
p0(yt|y1:t−1)

(6)

This approximation takes O(T ) Kalman steps to compute.

Main Result

Under Assumption (A) of the paper, there exist r > 0 and 0 < β < 1
such that,

|λk,T − λ̃k,T | ≤ r
T−k∑
j=1

βj−1. (7)

Numerical Examples

To illustrate the results above we generate time series with T = 100
time steps, inducing a the changepoint at k = 50 i.e., the set of model

parameters is θ0 for 1 ≤ t < 50, and θ1 for 50 ≤ t ≤ 100. We consider

two examples, one with fast convergence and one with slow conver-

gence:

Fast: a = 0.1, h = 1, σq = 1, and σ0
r = 1, σ1

r = 100
Slow: a = 0.9, h = 1, σq = 1, and σ0

r = 1, σ1
r = 100

Fast Convergence

Slow Convergence

Conclusions

We propose an approximation to the LR that is O(T ) to the number

of observations.

We have provided an upper bound for the error of the

approximation.

The approximation error depends on the rate of convergence of the

Kalman filters.

This approximation can be used in the context of the GLR with more

than one change-point.
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